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INTRODUCTION 
The twofold covering group of the Mathieu group M,, has a representation 
of degree 6 over the finite field GF(3) 1 eaving invariant a set of 12 lines and a 
set of 12 hyperplanes [5; 17; 191. This representation has been used in the 
papers cited to obtain a number of combinatorial and structural properties of 
MI, . From the 12 linear functionals for the hyperplanes one can construct a 
four-linear symmetric form invariant under the covering group. This form 
then induces on the quotient space by one of the 12 lines a trilinear form 
invariant under the stablizer of a nonzero vector in that line; the stabilizer is 
the Mathieu group LUrI,. (Th ese two multilinear forms appear when one 
makes a study of the invariants of the representations of degrees 5 and 6 of 
X(2, 11) over GF(3) obtained in [18] f rom the Weil representation.) 
Sow the trilinear form for Mu is characterized by two of its properties: 
it is a nonzero symmetric form 4 on a vector space V of dimension 5 over 
GF(3) having an irreducible group leaving it invariant, with the additional 
feature that there are nonzero members x of V for which #(.z, z, ZJ) = 0 for 
all v E V. The uniqueness of such a form is proven in Section 1, and in 
Section 2 the linear group M leaving + invariant is shown to be a simple 
group of order 7920. There are 11 lines (z) in V with the property that 
$(z, Z, w) = 0 for all v E V, and in Section 3 a Steiner 4-(11, 5, 1) system on 
the set E of these 11 lines is constructed, which allows M to be identified 
as M,, . 
But the main purpose of the paper is to use the trilinear form to discuss 
the subgroups of &I,, . There is a natural dichotomy between subgroups that 
are transitive on E and those that are not. Section 4 deals with the intransitive 
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GP29411. 
340 
Copyright 0 1975 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
A FORM FOR 1+& 341 
ones, especially those leaving subsets of one, two, or three members of E 
invariant. These turn out to be certain linear groups that are relatively easy 
to describe by means of the form 4. Then in Section 5, by a depolarization of 
4, the triply transitive representation of 1M,, on 12 letters is obtained and 
used to handle subgroups that are transitive on E. (Not all of the subgroups of 
:M,, are explicitly exhibited. A list of the subgroups of all the Mathieu 
groups appears in [ll], but the one of order 120 in :%Zr, (produced in Proposi- 
tion 4.12) is omitted. Incidentally, in the same vein, the myth that M,, is not a 
subgroup of &1r3 [lo] reappears in [II].) 
Once the representation on 12 letters has been set up, the equipment for 
producing M,, is available, and this is done in Section 6. In fact the twofold 
covering group of M,, is obtained as the group leaving invariant a four- 
linear form on a space of dimension 6 over GF(3), thus completing the return 
to the situation described at the beginning. But there is enough structure now 
to recognize M,, in its three roles: (1) as automorphism group of a Steiner 
system; (2) as automorphism group of an Hadamard matrix; and (3) as 
automorphism group of a Golay code. (We have not discussed this representa- 
tion of iVr2 in any real detail, however.) 
Some of the notational conventions used are these: the group of invertible 
linear transformations of a vector space V is denoted GL(V), and the finite 
field with Q elements GF(q). If X is a set, I X 1 is the number of its members, 
and (X) is the subgroup (or subspace) generated by X. When a function of 
several variables is used to produce one of fewer variables by fixing some of 
the variables, the remaining ones are indicated by dots.Thus, if + is a function 
of three variables, $(w, ., .) . h f 1s t e uric ion of two variables obtained by putting t’ 
the first variable equal to z. Finally, for the notation and combinatorics of 
Steiner systems and designs we refer to [15]. 
Part of the work for this paper was done while the author was a guest of the 
Mathematics Institute of the University of Warwick, to whose members he 
extends his heartiest thanks for their hospitality. 
1. THE TRILINEAR FORM FOR MI, 
The purpose of this section is to characterize the trilinear form that can 
be used to define M,, . First let us recall some terms connected with multi- 
linear forms. If V is a vector space over a field K, a function (b from 
vx vx a*. x V (n factors) to K that is linear in each argument is called an 
n-linear form on V. If 9 does not change when any two arguments are 
exchanged, $ is said to be symmetric. For g E GL( V), the form g+ is given by 
g4(q 9***, W”) = $b(g-lv, ,...,g-%,) 
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(the vui n I’). Two n-linear forms $r and 4s are equivalent if +a = g#, for some 
g E GL( V), and the group of a form 4 is the set of elements g for which g$ = 4. 
If the group of $ acts irreducibly on V, 4 itself will be called irreducible. When 
4 is symmetric, the radical of 4 is the subspace of er’s in I’ for which 
c$(v, v* ,..., a,) = 0 
for all ~a ,..., vi, in I’. For an irreducible 4 this radical must be 0 or all of I’. 
THEOREM 1.1. Let V be a five-dimensional space over GF(3), and let 4 be an 
irreducible nonzero symmetric trilinear form on V. Suppose that there is at least 
one nonzero member x of V for which +(z, z, v) = 0 for all v in V. Then up to 
equivalence, q5 is unique. 
Proof. Let G be the group of a form 4 satisfying the hypotheses. Then 2 
and 3 cannot be the only prime divisors of 1 G 1 . For if so, G is solvable, by 
Burnside’s theorem; a minimal normal subgroup A is central, by Clifford’s 
theorem, since 5 { 1 G 1 (for the theorems, see [13]). Then A = (-1); but a 
nonzero trilinear form will not admit - 1. As the primes dividing I GL( V)l 
are 2, 3, 5, 11, and 13, one of 5, 11, or 13 must then divide i G 1 . 
Suppose 13 1 1 G 1 and let g E G have order 13. The nonidentity irreducible 
representations of (g) over GF(3) h ave dimension 3. Then V = T @ W, 
where T is a two-dimensional subspace on which g acts trivially, and W is a 
three-dimensional g-invariant subspace; W may be taken as GF(27) with g 
acting as multiplication by a (primitive) 13th root of unity, E. For the moment, 
extend everything to an algebraic closure of GF(3). The eigenvalues of g 
from IV are then E, c3, cs. Now in general if a, b, c are eigenvectors for some 
member of G, $(a, b, c) # 0 implies that the product of the corresponding 
eigenvalues is 1. In the present case, this yields that for ti E T, wi E W, 
C(tl , t, , wi) = q5(tl , u.‘i , WJ = 0. As a result, 
5% + eL'1 9 t, + w2, t3 + w3) = $(t1 , t2 ? t3) -I- a, w2 9 zL'3). 
In particular, if 4 were 0 on T or on Wit would have a nonzero radical. 
Another appeal to the algebraic closure shows that the dimension of the 
space of g-invariant symmetric trilinear forms on W (in the closure) is 1; so 
that over GF(3) it is at most 1. But if Tr denotes the trace from GF(27) to 
GW% 
Tr(X3ygz + x9y3z) 
is such a form. For it is g-invariant because the exponents sum to 13; it is 
symmetric because Tr(a3) = Tr(a); and it is not 0 [when x = y = 1 its 
value is 2Tr(z)]. Thus 4 on W is a scalar multiple of this form. (We will use 
this sort of argument several times.) 
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Let t, E T, wr E Wand consider the bilinear form +(tl + wi , ., .). Suppose 
t, A eta is in the radical of this form. This means 
and 
4(h , t2 7 6 = 0 for all t E T, 
for all w E TV. 
Now Tr(w.,3w,sw + w~~w~~w) = 0 for all w E W implies that wi3weg + wigwa3 = 
0 because of the nondegeneracy of the trace form [14, p. 731. If wi + 0, then 
wr = 0, otherwise (wJwJ2 = -1, which is impossible in GF(27). Thus, if 
w1 f 0, the radical of +(ti + wi , ., .) is a subspace of T; while if err, = 0, it 
contains W. Thus, 
T = @ E I’ 1 the radical of c#J(~‘, ‘, .) has dimension at least 3). 
As this description is G-invariant, so is T; but that violates the irreducibility 
of C$. 
Therefore, we cannot have 13 ( ( G j . Suppose nelrt that 5 ( ( G ( and let 
g E G have order 5. We may take T; = GF(3) e 0 X, where ge = e, X is 
GF@l), and g acts on X as multiplication by a primitive 5th root of unity, l . 
Since the function +(e’, n, 8) on V is actually linear, it must be 0, otherwise 
its kernel is G-invariant. Furthermore, +(e, e, .) defines a g-invariant linear 
functional on X which must also be 0. And $(e, *, *) defines a g-invariant 
symmetric bilinear form on X. Taking all this into account and arguing as 
before with dimensions and eigenvalues, we have 
4(e, xl t x2) = Tr(axlxag) 
4(x1 9 x2 9 x3) = Tr(b(x,x2x33 + xPx23x3 + x13x2x3)) 
where a E GF(9), b E GF@l), each xi E X, and Tr is the trace from GF(81) 
to GF(3). If a were 0, e would be in the radical of (5. So a = cl0 for some 
c E GF(81); and the map e -+ e, x + cx (x E X) replaces 4 by an equivalent 
form (still g-invariant) with a = 1. Thus, we may take 
C(e, e, 4 = 0 
+(e, e, 4 = 0 
C(e, xl , x2) = Tr(x,xas) 
+(x1 , x2 , x3) = Tr(b(x,x2x33 + xix23x3 + x13x2x3)) 
for some b E GF(81). 
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Let J = {z E Pm I$( z, z, w) = 0 for all w E V}. Then e E J, and J contains 
(ej properly, otherwise (e} is a G-invariant subspace. Suppose first that 
J n X contains a nonzero member, z. Then the conditions $(z, x, e) = 0 and 
4(.z, x, x) = 0 for all x E X yield 
Tr(xlO) = 0, 6WO = 6. 
Take GF(9) = GF(3)( ‘) .h E w ere i2 = -1. For OL, ~EGF(~), Tr(a: j-pi) = (Y 
(the trace is from GF(81)). Since alo E GF(9), we must have zl” = &i 
(zzo = -1). Then if 6 + 0,b must be one of 1 f i, -1 h i (the primitive 
eighth roots of unity). The forms for these values of 6 are all equivalent, 
being a single orbit under the four-group generated by the two transfor- 
mations e-e, x+-x and e+e, x+x 3, for x E X. For each of these b’s 
there are 10 possible 2s. We will consider the case 6 = 0 in a moment. 
Suppose next that e + z E J for some z E X, z # 0. This time the condi- 
tions become 
Tr(zlO) = 0, 
In particular 6 # 0. 
b3 - bX70 + $5 = 0. 
This means that if 6 = 0, j consists of the members of (e) along with the 
nonzero elements z E X for which Tr(30) = 0. These z are those for which 
z20 = - 1, and they are the elements &P(l + i), +?(l - i), 0 < m < 4. 
Now e is not a linear combination of the members of J - (e), whereas if 
x E J - (e), z is a linear combination of the members of J - (a), because 
l+E+ l 2 + c3 -+ 8 = 0. As this provides a G-invariant description of (e}, 
the irreducibility is contradicted; hence, 6 # 0. 
Returning to the case that e + z E J, we have that since z20 = - 1, 6 is 
one of z5 or z5 (1 & i). In particular, 6 E GF(9). 
Thus, to avoid _T = (e) and reducibility we must have 6 E GF(9) and 6 # 0. 
Given 6, we need the rest of 1. Suppose 6 is not a primitive eighth root of 
unity, so that b4 = 1 and the remaining members of J are of the form 
&(e f z), z E X, z # 0. The conditions above on z are 
$0 = -1, z5 = b3,9 - 6. 
The solutions for z are the elements rP, sP, 0 < m < 4, where r = 6(1 + i), 
s = b(1 - i). We may assume that E + c4 = 1 + i. Then 
e + Y = -(e + s) f (e + se) + (e + sc4). 
From this relation (and those obtained by applying g repeatedly) and the 
fact that e + s,..., e - ~8 span 1: one finds that e is not a linear combination 
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of three members of J - (e). But if w E J - (e), this same relation and its 
g-images show that o is a combination of three members of J - (v). Thus, 
b4 = 1 would lead to a reducible group; so b must be a primitive eighth root 
of unity. 
It follows that up to equivalence there is at most one irreducible form of the 
kind specified with 5 ( ) G / . As we shall see in a moment, there really is 
such a form. 
Suppose now 11 1 1 G 1. Then I’ may be taken as GF(243), and an element 
g E G of order 11 as multiplication by a primitive 1 lth root of unity, E (note 
that (g) itself acts irreducibly). Again an argument with eigenvalues and 
dimensions yields that we have 
4(x, y, z) = Tr(a(xyzg + xy% + x~,vz)) 
for some a E GF(243), a f 0; Tr is the trace from GF(243) to GF(3). 
Any a gives a g-invariant form; but now suppose that #(z, Z, X) = 0 for all 
x E V for some nonzero Z. Then Tr((az7zj4 - axlo) X) = 0 for all X, so that 
~~~24~ = 1 and a-2 = zll. Thus, a = P(b = 2-l or -2-l). Then the map 
x --f bx of V replaces 4 by the form with a = 1. Therefore in case 11 1 G I , 
4 is equivalent to the form 
But this form also admits an element of order 5, i.e., the map x + ~3. 
Thus, 5 1 1 G 1 , and we have existence and uniqueness settled. 
REMARK 1.2. The discussion of the case 5 1 1 G 1 shows that when 
5 1 1 G I , the existence of a nonzero z in I’ with C&Z, Z, V) = 0 for all z’ is 
automatic (Z = e, for example) from the irreducibility. 
2. THE PRODUCTION OF Ml, 
Let V be the field GF(243) (regarded as a GF(3)-space) and let 4 be the 
trilinear form on V given above: 
4(x, y, z) = Tr(.vyzS + xygz + x~,z). 
Let M be the subgroup of GL( I’) leaving 4 invariant. Take E to be a primitive 
1 lth root of unity (in V) for which Tr E = - 1. The reason one can do this is 
that if E is any primitive 1 lth root of unity, then x:‘,“=, l = 0, so that 
Tr E + Tr c2 = -1. Moreover, (Tr .c) (Tr ~a), when written out, comes out 
to be 0 because of this summation. Thus, one of E or 8 has trace 0 and the 
48x/37/2-11 
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other -1 and we may rechoose E accordingly. As we have seen, M contains 
the maps s: x + EX (shift) and t: x + 2 (third power); the group (s, t) is a 
Frobenius group of order 55. Let E be the set of lines (z>, z E I;, for which 
+(z, 27, x) = 0 for all x E I,’ (Z f 0). 
LEMMA 2.1. The members of E are the lines (+, 0 < m < 10. E, c3, l g, 
S, 8 (the orbit of E under t) form a GF(3)-basis of V, and the remaining powers 
of E in terms of this basis are: 
Proof. The nonzero elements z for which +(z, a, X) = 0 for all x E V 
are the roots of G2 = 1, as the discussion in Section 1 involving 11 showed; 
so E is as claimed. The equation for co is just the relation Tr E = - 1. When 
it is multiplied by E and then transformed repeatedly by t, a collection of 
equations results that can be solved (along with Tr l 2 = 0) to give the 
expressions listed. Since GF(243) = GF(3) (E), the five powers of E really do 
form a basis. (If one prefers, one can obtain all this from the tables in [2].) 
Consider 4 evaluated on triples of the basis elements. E being what it is, 
+ is 0 if an element appears twice. Moreover, t has two orbits on the triples 
of distinct basis elements, and on computing the values one finds: 
LEMMA 2.2. The values of +(&, &, &) for i, j, k from the set {I, 3, 9, 5, 4) 
are: 
0 if (tjk) has a repetition; 
1 if (ijk) is (135) (149), (159), (345) (349); 
- 1 if (zjk) is (134), (139), (145), (359), (459). 
A permutation of the basis elements that exchanges the two sets of triples 
in the lemma will then reverse the sign of 4; but that reversal can be com- 
pensated for by a sign change on the basis. Thus: 
LEMMA 2.3. The group M contains the element r given by: E -+ -E, 
E3 -+ --E$, .g+ -•E4, 2-P --E3, c4 - ---Ed. (On the other 1 lth roots r has the 
A FORM FOR ;c&, 347 
effect lO + -8, ~3 -+ 8, 8 -+ 30, 6 --+ 3, l 1O ---f E’, 8 -+ 8, from the relations 
in 2.1.) 
M preserves the set E, and if we label the line (&) by i, r, s, and t produce 
the permutations 
Y: (3, 9, 4, 5) (2, 6, 10, 7) 
s: (0, 1,2, 3,4, 5,6,7,8,9, 10) 
t: (1, 3,9, 5,4) (2,6, 7, 10, 8). 
THEOREM 2.4. M acts faithfully and sharply fourfold transitively on E. As 
a result, M = 11 . 10 . 9 . 8 = 7920. 
Proof. Checking the fourfold transitivity from the permutations Y, s, t 
is a puzzle we shall not spoil by writing out ! 
Suppose an element of M fixes the lines (E), (e3>, (cg>, <e5>. Its matrix 
relative to the basis of 2.1 is then 
a1 0 0 0 Pl 
0 0 0 83 a3 
0 0 0 P9 a9 
0 0 0 /35 aj 
0 0 0 0 /I4 
Using the values of I$ from 2.2 we find 
a1a3ag = ct1cLyx5 = a1agoLj = a@galj = 1 
from which all the 01 values are 1. Then using the six values of 4 involving l 4 
we obtain (the triples show which powers of E are involved): 
149: -B3 + I35 +fl4 = 1 
345: a - B9 + 84 = 1 
349: -a - I4 + P4 = 1 
134: -pg+p5-84=-l 
145: t93+P9-/34=-l 
459: B1-83-/34=-l 
The only solution is ,!I1 = p3 = Bg = /3s = 0, p4 = 1. From this both the 
faithfulness and the sharpness follow. 
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The permutations Y, S, t are well-known generators of Mrr; in fact, Y and s 
actually generate it [3, p. 1511 ( see also [4; 91). If one sets A = Sa, B = t-l, 
and C = Y, one finds that A, B, and C satisfy the relations of [6, p. 991 for 
Mr, (composed left to right). 
PROPOSITION 2.5. M is simple ; in particular, for g E M, det g = 1, 
Proof. The proof of [15, p. 931 d p d e en s only on the multiple transitivity 
and may be used here. 
3. THE 4-(11, 5, 1) STEINER SYSTEM 
The multiple transitivity of M on the set E has a number of immediate 
consequences. 
PROPOSITION 3.1. Let (x,), (z,), <x,:), (zq) be four distinct members of E. 
Then 
(1) d(% , x2, %) + 0; 
(2) x1 , z2 , z3 , and z3 are linearly independent; and 
(3) there is exactly one (z) E E, d@rent from the given four, for which 
z E <Xl 3 22 , z3, %). 
Proof. These facts are easily checked for the specific set E, l 3, es, S, and 
the general case comes from the fourfold transitivity of AI on E. 
COROLLARY 3.211 Each member of V not in any of the lines of E is uniquely 
represented (up to order of the terms) as z1 + xp where (zI) and (z2 j are distinct 
members of E. M is transitive on these 220 vectors. 
Proof. The representability comes from (2) of 3.1 and a counting argu- 
ment; and the transitivity from the multiple transitivity of M on E and the 
factthatrtakesE+lto-•E-landrs+lto8-1. 
COROLLARY 3.3. The pairs of (distinct) members of E correspond to an 
M-orbit of 55 hyperplanes of V, each of which contains the pair from E deter- 
mining it and no other member of E. 
Proof. If <zi), (za) are distinct in E, (1) of (3.1) implies that the only 
members of E in the hyperplane +(zi , as , x) = 0 are (zr) and (z2). Again 
the multiple transitivity of 212 on E completes the result. 
COROLLARE. 3.4. The 66 hyperplanes of I’ not in the M-orbit of 3.3 form 
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another M-orbit of hyperplanes. Each of these contains exactb$fioe members of E, 
any quadruple of members of E lying in just one of them. 
Proof. This follows directly from (3) of 3.1 (and the multiple transitivity). 
THEOREM 3.5. M is isomorphic to the Mathieu group MI, defined as the 
automorphism group of a 4-( 11, 5, 1) Steiner system. 
Proof. 3.4 provides a 4-(11, 5, 1) Steiner system on which M acts as a 
group of automorphisms. As 1 M 1 = 1 MI1 / , the identification follows from 
the work of Witt [20, 211 (see also [15]). 
4. LINEAR SUBGROUPS OF &Z 
The subgroups stabilizing sets of one, two, or three members of E (set-wise) 
can be cast as certain linear groups by making use of the form 4. As the latter 
two vividly illustrate some of the Sylow structure of 171 we shall deal with 
them first. 
LEMMA 4.1. Let z E V, z # 0, and let Q be the quadratic form 
Q(x) =4(x, x, x) on V. 
(1) If (z) E E, then the radical of Q is (z) and the induced form on 
V/(z) has discriminant -1 (and hence index 1). 
(2) If z = z1 + z, , where (zl) and (z2> are distinct members of E 
(cf. 3.2) then the radical of Q is (zl - z2> and the inducedform on V/(x, - .ze) 
has discriminant 1 (index 2). 
Proof. That the radicals in each case contain the elements suggested 
follows from the nature of the members of E. The rest comes from the usual 
transitivity and explicit computation with the values in 2.2, using, say, E and 
E + c3 for z in the two cases. 
Consider now a subset S = {(a,), (a,), (z3>} of three distinct members 
of E. Let Qi(x) = +(zi, x, x), i = 1,2,3, and take W to be the subspace of 
V orthogonal to (S) (the space spanned by the lines of S) under all three 
of the Qi . W can also be described as the intersection of the kernels of the 
three linear functionals d(zl , za , .), +(zl, z3, .), +(,~a , a,, .). Since this 
intersection meets (S) only in 0, we have V = S @ W, an orthogonal 
decomposition for each Qi . Furthermore, W contains no member of E, 
by 3.1. 
THEOREM 4.2. With the notation as above, let M3 be the subgroup of M 
fixing S set-wise. Then 
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(1) M3 r~ GL(2, 3) through faithful action on W; 
(2) the action of M3 on S is equivalent o that of M3 on the set of three 
lines of quadratic forms on W of discriminat 1; and 
(3) the action of M3 on E - S is equivalent to the action of it13 on the 
eight nonzero members of W. 
Proof. Ms permutes (up to sign) Q1 , Qa , and Qa , and therefore leaves W 
invariant. As 1 Ms , = 48 = I GL(2, 3): , the isomorphism in (1) will follow 
if M3 acts faithfully on W. Consider the set of linear functionals +(w r , ws , .) 
where wi , ZL’~ E W, and suppose they all vanished on some nonzero z in S. 
Then W would be an isotropic subspace for the form Q(X) = +(z, X, x). But 
Q is a linear combination of the Qi , so that the decomposition V = (S) G W 
is orthogonal under Q. That in turn puts W in the radical of Q, violating 4.1. 
This collection of functionals then separates points on (S); thus, if g E Ms 
acts trivially on W, g fixes all the functionals and acts trivially on (S). But 
then g = 1; hence Ma does act faithfully on W. 
As the form Qi has discriminant - 1 on (se , as::, it has discriminant 1 on 
ui; similarly Q2 and Q3 do also. Moreover, the argument of the preceding 
paragraph shows no one of these forms is a scalar multiple of another on W. 
Thus, the Qi on W represent the three lines of quadratic forms on W of 
discriminant 1, and we have (2). 
Let (z> E E - S and consider the quadratic form Q(X) = +(a, X, X) on 
<S>. Q is nonsingular there, because if it were not, the fact that the zi are 
isotropic would mean (S) contained a two-dimensional isotropic subspace. 
But then because (S) n (z} = 0, there would be a two-dimensional isotropic 
subspace for the form induced by Q on V/(Z); and that violates 4.1. Now let 
d(z) be the discriminant of Q on (S) and let Z’ be the W-component of z 
for the decomposition V = <S> 0 W. [By (2) of 3.1, Z’ # 0.1 Then map 
(z) to d(z) z’. This image depends only on (a) (because (Si has odd dimen- 
sion); and for g E Ma , (gzj maps to d(gz) (gz)’ = d(z) gz’. As an element of 
order 8 in Ma is regular on both E - S and the nonzero members of W, the 
correspondence is one to one and (3) follows. 
Several results are elementary consequences of 4.2 and the structure of 
GL(2, 3). Because of the sharp fourfold transitivity of M on E and the fact 
that by 2.5 the permutations must be even, the cycle structure of elements of 
orders 2, 4, 6, or 8 is forced. Except for the involutions, each of these will 
preserve exactly one set of three members of E (and so lie in the corresponding 
MJ. Using all this, we obtain: 
COROLLARY 4.3. The Sylow 2-subgroup of M is semidihedral of order 16 and 
self-normalizing. 
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COROLLARY 4.4. (1) There is one conjugacy class of involutions in 1M; 
their centralizers are isomorphic to GL(2, 3) (cf. [22]), and each involution fixes 
three members of E. 
(2) There is one conjugacy class of elements of order 4 in M; their central- 
izers are cyclic of order 8. 
(3) There is one conjugacy class of elements of order 6 in M, each generating 
its own centralizer. 
(4) There are two conjugacy classes of elements of order 8 in M; they also 
generate their own centralizers, and each class is the set of cubes of the other. 
Next, let (zr) and (za) be two distinct members of E and let T be the 
kernel of the linear functional +(x1, xa , .). Then (zr , za) C T; but by 3.1, 
z 6 T if (z) E E - {(zr), (z,}}. If pi(x) = #(zi, x, x), then Qi on T has 
(zr , za) in its radical and induces a form on T’ = T/(z, , zz). The results of 
4.1 imply that the two forms so induced are nondegenerate with discriminant 
1 and are not scalar multiples of one another. Let Q be a member of the third 
line of quadratic forms on T’ of discriminant 1. 
Let Ma be the subgroup of M stabilizing {(z,j, (qj} set-wise, and for 
g E Mz , let g’ be the transformation induced by g on V’ = V/(z, , zzj. Such 
a g stabilizes T; let a(g) be the scalar by which g acts on V/T. Then put 
g” = a(g)g’. 
THEOREM 4.5. The homomorphism g -+ g” mapping &I* to GL(V’) esta- 
blishes an isomorphism of Mz with the subgroup of GL( V’) whose members have 
these properties: (i) they have T’ as an invariant subspace; (ii) they act trivially 
on F-‘/T’; and (iii) they carry Q to =Q. 
Proof. Ifg E ;M,, g’ preserves T’ and permutes the lines (Qr), (Qaj.Thus 
g’ fixes the line (Q). The adjustment by a(g) (= +l) guarantees that g” 
satisfies all three conditions. If g” = 1, then g acts as a scalar on V’. But 
then for (zj E E - {(z,>, (z,j}, (gx) = (z) by (2) of 3.1; and the sharpness 
of M on L? implies g = 1. Since the order of the subgroup of GL( V’) described 
is 144, the same as / iWa 1 , the map is an isomorphism. 
In matrix terms, the group described can be taken as the set of 3 x 3 
matrices 
over GF(3) in which A is a 2 x 2 matrix with AtA = *I (t for transpose). 
PROPOSITION 4.6. When &I, is realized as in 4.5, the action of &I2 on the 
set E - {(z&, (z&) is equivalent o the action on the lines of V’ outside T’, that 
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is, on the afine plane constructed from b” with T’ giving the line at in$nity. 
Thesign of thepermutationproduced byg E M2 on {(x1>, (zs)} is the determinant 
of g". 
Proof. If ’ denotes the map from V to V’, then (2) of 3.1 implies that for 
(a} and (6) distinct members of E - {(zr), (z,)), the lines (a’) and (b’) are 
distinct (they are not in T’). The asserted equivalence is then evident. As for 
the other action, suppose g E :Ma . Since the determinant of g is 1, the deter- 
minant of g on (zl , z s ) is the same as that of g’, which in turn is a(g) times 
that of g”. Now take (z> E E - {(zr), (zs)}, so that +(zr , za , x) + 0. Then 
gx = a(g) z + t, t E T, and +(zl , zs , z) = a(g) +(gzr , gz, , z). From this 
equation the statement about the sign follows readily. 
4s in the case of M3 , there are some elementary consequences: 
COROLLARY 4.7. (1) The Sylow 3-subgroups of M are elementary Abelian 
of order 9, and M2 is the normalizer of one. (Note that Mz contains a Sylow 
2-subgroup of M.) 
(2) All the elements of order 3 in M are conjugate, and their centralizers 
are isomorphic to a direct product of a cyclic group of order 3 and a dihedral 
group of order 6. 
THEOREM 4.8. Let H be a subgroup of M whose order involves only the 
primes 2 and 3. Then: 
(i) His a subgroup of an M, or an MS zfand only if H has either a central 
involution or a nontrivial normal 3-subgroup. 
(ii) If H is not such a subgroup as in (i), then there is a subset of four 
members of E that H preserves and on which H acts faithfully as the alternating 
or symmetric group. 
Proofs. (i) comes directly from the nature of the fixed-point set (on E) 
of an involution or a 3-group and the subgroup structure of ill, and M, . A 
subgroup as in (ii) can only have orbits of lengths 1, 4, and 6 on E, and the 
sharp fourfold transitivity of M implies the result. Note that the subgroup of 
M preserving a set of four members of E will have order 24 and so produce the 
symmetric group on that set. By (i) its other orbits must indeed have lengths 
1 and 6, and the fixed point is evidently the fifth point of the block of the 
Steiner system (3.4) containing the given four. 
Finally, let (z) E E and let MI be the subgroup of M fixing (z). Let Q be 
the quadratic form induced on V’ = V/(z) by the form c#(z, x, x); Q has 
discriminant - 1 by 4.1. If g E Mr , let g’ be the induced transformation on 
V’. As the determinant of g, det g, is 1, Q(g’x) = (detg’) Q(x). Let 
HO( V’) = (t E GL( V’) 1 Q(tx) = (det t) Q(x)} and let PHO( V’) be the 
corresponding projective group, HO( V’)/( - 1). Then 1 PHO( V’)] = 720, 
and PSO( V’) is a subgroup of index 2 [PSO( I”) = SO( V’)/( - l>, SO( V’) 
the subgroup of HO( V’) of elements with determinant 11. 
THEOREM 4.9. With Ml as above, the map g -+g’(-1) takes Ml isomor- 
phicaZZy onto PHO( V’). 
Proof. As usual, 3.1 implies that the map is injective. Then because 
1 Mr 1 = 720, the map is actually surjective. 
As is well-known, PSO( V’), PSL(2, 9) and A, are all isomorphic ([I], [13]). 
Let G be the automorphism group of A, and I( “A,) the inner automorphism 
subgroup; G/I is elementary Abelian of order 4. Two of the subgroups of G 
of order 720 are split extensions of 1 [e.g., corresponding to extending 
PSL(2,9) by either the field automorphism or an outer automorphism 
induced by a member of PGL(2,9)] and the third, which is not split, is 
isomorphic to Ml: 
PROPOSITION 4.10. iUl is isomorphic to the subgroup of order 720 in the 
automorphism group of A, that is not a split extension of A, . 
Proof. This will follow if one shows that no member of PHO( F’) outside 
PSO( V’) is an involution. Suppose then that t E GL( I”) has t2 E (-l), 
det t = -1, and Q(tx) = -Q(x). If t2 = -1, the characteristic polynomial 
of t is (X2 + 1)2 and det t = 1. Thus, t2 = 1. But then one of the eigenspaces 
of t has dimension 3 and is isotropic, and that cannot be. 
The 10 members of E different from (z) map to the 10 isotropic lines of 
V’ (relative to Q). Moreover, 3.1 implies that the 30 blocks of the Steiner 
system containing <z) correspond to the 30 sets of four isotropic lines each 
of V’ that lie in three-dimensional subspaces. These sets of four can be 
realized another way: following a well-known [8] method of establishing the 
isomorphism with PSL(2,9), consider the set of 2 x 2 matrices of the form 
a x 
( ) x3 B, 
with OL, /I E GF(3) and x E GF(g).This set forms a four-dimensional space over 
GF(3), and the determinant produces a quadratic form of discriminant - 1. 
It is not difficult to see that the isotropic vectors under this form are given by 
the matrices 
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with X, y E GF(9). The line spanned by a nonzero matrix of this form cor- 
responds to the point of the projective line over GF(9) determined by the pair 
(x, y). This representation of the isotropic lines leads readily to: 
PROPOSITION 4.11. The 3-design induced on the 10 points of E other than 
(z), by the blocks of the Steiner system containing (z), is isomorphic to the 
design formed 6-v the sets of harmonic quadruples on the projective line over 
GF(9). 
Almost all of the subgroups of 1%’ that are intransitive on E show up in an 
MI, Ma , or Ma . Preparatory to completing a list, let B C E be a block of 
the Steiner system and let S be its stabilizer in M. By 3.4, I S , = 120, and as 
usual S acts faithfully on B. Thus, S is isomorphic to the symmetric group 
on B. Since an element of order 3 of S cannot fix anything in E - B, S is 
transitive on E - B (and so is the alternating subgroup). The fact that any 
4-subset of E is in exactly one block of the Steiner system implies that if 
C C E is a 5-set not a block of the Steiner system, there is exactly one block B 
disjoint from C. (Then the orbit structure of S entails that M is transitive on 
the set of 5-sets of E that are not blocks of the Steiner system.) We can now 
prove 
PROPOSITIOK 4.12. Let H be a subgroup of M that is intransitive on E but 
is not in an M1 , Mr , or M, . Then there is a block B of the Steiner system that 
Hstabilizes and on which H acts (faithfuZZy) as either the symmetric or alternating 
group. J!Ioreover, H is transitive on E - B. 
Proof. A s o e ea i y c ec n r d l_ h k s, such an H must have two orbits on E, of 
lengths 5 and 6. That of length 5 must be a block of the Steiner system, for 
if not there is exactly one block disjoint from it, as we have seen; but then H 
would stabilize that block. The rest of the proposition follows from the 
discussion above. 
A Sylow 5-subgroup must have a fixed point on E and two orbits of length 
5. As above, one of those is a block of the Steiner system. Since no two blocks 
are disjoint (by inclusion-exclusion), the other is not. We then find: 
PROPOSITION 4.13. The normalizer of a Sylow 5-subgroup of M is the 
stabilizer of a 5-set of E not a block of the Steiner system. It is a Frobenius 
group of order 20 and it stabilizes the block of the Steiner system disjoint from 
the 5-set. 
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5. SUBGROUPS OF M TRANSITIVE ON E 
To discus transitive subgroups of M we begin with a depolarization of 4. 
Consider the GF(3)-space D of functions 8: V --+ GF(3) for which 
B(CLX) = at?(x), a! E GF(3), x E V, and 
0(x + Y + Z) - 0(x + JJ) - e(x + 4 - qy + 4 i- e(x) + B(Y) + e(z) 
for all X, y, z in V, where Y = v(B) E GF(3). For instance, Tr(.P) is such a 8, 
with v = - 1, and the dual space V* of V is the subset of members of D for 
which v = 0 (V depends linearly on 0). IM acts on D by the usual rule 
cge) cx) = e(px). 
PROPOSITION 5.1. Let F, be the set of functions 0 E D with v(0) = - 1 and 
f?(z) f 0 for all (x) E E. Then F, has exactly 12 members, namely the functions 
Tr(@) and Tr(xil + &x), 0 d i G 10. 
Proof. Since the function Tr(&) is in P -*, the 12 functions listed are in D 
(and have v = - 1). As at the beginning of Section 2, Tr(&) = 0 or - 1, for 
anyj, and from this it follows that each of the 12 is in F,, . 
The shift s acts without nonzero fixed points on V* (since it does so on V) 
and fixes the function Tr(xil). As the difference of two members of F, is in 
V*, s fixes only the one member Tr(xil) of F, . As s (and M) preserves F0 , 
we get IF0 ! = 1 (mod 11). Now if BED one finds 
-e(i) = ecE) + e(2) + e(2) + e(2) + e(8) 
by the values of 4 in 2.2. This relation forces 1 F,, ! d 22, so that in fact 
lFOl = 12. 
THEOREM 5.2. M acts triply transitiwely on the set F,, [20, Satz 91 (cf. also 
[15, 13.41). 
Proof. The functional Tr(eX) vanishes on five members of E (namely 
(E), (s5), (8), (c’), and (8’)). Thus Tr(eX) d e t ermines one of the hyperplanes 
of 3.4. But Tr(Ex) is the difference Tr(+ + EX) - Tr(xll) of two members 
of F, . Consequently, because the 66 hyperplanes of 3.4 form an M-orbit, they 
are the hyperplanes given by the differences of the two members of the 66 
unordered pairs of distinct members of F,, . Suppose now 0, , 0, , and 0, are 
three distinct members ofFo . Then 0, + 8, + 0, E V*. If this functional is 0 
on <z) E E, all three Bi have the same value on x and <z) belongs to the two 
blocks determined by t9, - 0, and 0, - 0, . As there are fewer than five such 
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(zj, e1 + e a + 8, must correspond to one of the 55 hyperplanes of 3.3. That 
is, the three blocks determined by 0i - 6, , 6, - 0, , and 8, - 8, have the 
two members of E in common that lie on the hyperplane determined by 
8, f 0a + @a (and in fact any two of the blocks still have only these two 
members in common). But now it follows readily that the subgroup of M 
stabilizing each of 0, , t9a , and e3 has order at most 6. For it stabilizes each 
of the three blocks and their two-point intersection; the fact that an involution 
of M fixes only three members of E forces the size of the subgroup to be 
something less than 12. Since the number of ordered triples of members of 
F,, is 1320 = 1 iM 11’6, the triple transitivity transpires. 
The connection with this new permutation representation of M and the 
action on E is the following. 
PROPOSITION 5.3. Let H be a proper subgroup of Al that is maximal among 
subgroups transitive on E. Then H fixes some member of F, (and therefore is the 
stabilizer of that member). 
Proof. Suppose this were not so. Because H is transitive on E, 11 1 ; H 1 , 
and then H must be transitive on F,, . Thus, in fact, His doubly transitive on 
F, , and 132 1 i H 1 . Kow the involutions of M are all conjugate (4.4) and so 
are the elements of order 3 (4.7). By 5.2 the members of each class fix at least 
two (in fact at least three) members of F, . Since 6 1 1 H i , the two-point 
stabilizer in H (for F,) has order at least 6, so that ! M: H j < 10. But this is 
impossible by the simplicity of AZ. 
COROLLARY 5.4. Let A&, be the subgroup of l?I stabilizing a member of F, . 
Then 1 M,, / = 660 and every proper subgroup of M transitive on E is conjugate 
to a subgroup of M,, . 
It remains to identify AZ,, as PSL(2, 11). The elements y2, s, and t (Section 2) 
fix the function Tr(+) of F, . Now PSL(2, 11) has a permutation representa- 
tion of degree 11 in which the stabilizer of a point is an A, (for this and the 
subgroup structure see [13, pp. 213-2141 or [7, Chapt. XII]). Let Y, , s, , and 
t, be the permutations of E produced by ra, s, and t (cf. 2.3). Then by using 
the subgroup structure of PSL(2, 11) one can readily build a copy of it in 
the symmetric group on E, beginning with the subgroup (sl , tr), and gene- 
rating it with rl , s, , and t, . (This construction is carried out in [4, pp. 47- 
481.) Thus (r2, s, t) is isomorphic to PSL(2, ll), so that Ma is also. 
(It may be shown that the five-dimensional representation of PSL(2, 11) 
over GF(3) obtained in [18] has a nontrivial invariant symmetric trilinear 
form. Then 1 .l (in light of 1.2) implies that M contains a copy of 
PSL(2, 1 I).) 
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THEOREM 5.6. The subgroup &I,, of 5.4 is isomorphic to PSL(2, 11) (and its 
action on E is equivalent to the action of PSL(2, 11) on 11 points). 
COROLLARY 5.7. The normalizer of a Syloec; I I-subgroup of :I2 is a Frobe- 
nius group of order 55. 
6. A SETTING FOR MI2 
The equipment is now available to produce the projective representation 
of M,, studied by Coxeter and Todd [5; 171. Keeping the framework esta- 
blished in Section 5, define a four-linear form # on D by 
Here each Bi is in D; the sum is over the members (z) of E and is unambiguous 
by the homogeneity of the ei . Moreover, 4 is evidently --invariant. 
PROPOSITION 6.1. Let F be the set of 12 lines (t9), 0 E F, . Then (0) E F if 
and on& if 0 f 0 and $(f?, 0, 0, , 0,) = 0 for all L$ , 0, in D. 
Proof. If 0 E F, then e(.z)s = r(0)z = 1 for all (.z) E E, and 
#(t9, 8, 0i , 8,) = xE 0,(z) e,(z) + v(0,) v(e,). This last expression is an 
M-invariant bilinear form on D, and the presence of the element s of order 11 
implies that by* is in the radical of it. As the corresponding quadratic form 
also vanishes on 0($ V*), the bilinear form must be 0. 
Conversely, suppose 0 # 0 and #(e, 0, 0, , 0,) is always 0. Let (z) E E 
have B(z) 10 (if (zJ and (zs) are distinct members of E, f?(z, + ze) = 
0(z,) + e(z,), and 3.2 implies that such a z exists); suppose (z’) E E, 
(z’,Y! ;- \ , -C ‘zJ. The combinatorics of the Steiner system (3.4) imply there are 
two blocks of the system meeting in just one member of E and neither 
containing (z) or <z’). Let h, and X, be members of V* defining these blocks. 
Then $(0, 8, X, , h,) = 0 becomes t9(z)z h,(z) hs(z) + 0(z’)Z /\i(z’) &(z’) = 0, 
so that e(z’) # 0. Thus, for every (zj E E, e(z) # 0. Since that would not be 
SO if 0 E V*, u(e) # 0, and (0) EF. 
Now let 0, stand for the function Tr(xrl). The members of V* can be 
taken as the functions x*, where x E V and X*(Y) = Tr(xy). Then 0 E D is 
+(e) 8, - X* for some (unique) x in V. Define an inner product on D by 
8, . es = +e,) u(e,) + Tr(x,x,) 
(ei = +ei) 8, + xi*). This is nondegenerate since the trace form is. And 
we have 
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LEMMA 6.2. If the 0,. are in D, then 
w4 , 4 I 0, ,4) = C (4 . 0) (0, ~0) (0, e 0) (0, . 0). 
F 
(In the sum CO> runs over the 12 members of F; again the expression is unambigu- 
ous.) 
Proof. For 0 E D, 0 . 0, = v(0). The other members of FO are of the 
form 8, + (&)*, and if 0 = --v(e) tYW + x*, then 0 . (0, - (&)*) = 
v(0) T Tr(xG) = e(G) (since t?,(G) = -1). Thus, the terms match with the 
original ones for *. 
Let Ml be the subgroup of GL(D) 1 eaving 1+4 invariant. For g E GL(D), 
let g* be the inverse adjoint relative to the inner product: g*0, ego, = 
e1 . tiz , 0i , Be E D. [Thus, (giga)* = gi*ga”.] M1 leaves F invariant, by 6.1; 
and 6.2 yields: 
PROPOSITION 6.3. If g E Ml, then g* E :W. Moreover, ifg E M (as a sub- 
group now of GL(D)) then g*8, = &. 
For the second statement, note that g*0, . g0 = 8, . 0 = v(e) = v(g8) = 
8, . ge, SO that g*e, = 8, by the nondegeneracy. 
It follows from 5.2 that the automorphism g -+ g* of M1 cannot be an 
inner automorphism. In fact 6.3 can be elaborated upon: consider the 
map V: E-F - <C?,) given by +(G>) = (0, T (G)*). z is one-to-one, 
and for g E: M, rr(g(z)) = g*+(z)), (a) E E, because g*x* = (gx)*. Thus, 
M* acts on F - (0,) as M on E. Then by 2.4 and 5.2 we have 
PROPOSITION 6.4. Ml is fivefold transitive on F. 
As the proof of 5.2 shows, the members of FO span D, because their span 
contains V* but they themselves lie outside it. It now follows from 6.4 that 
no linear combination of five or fewer members of F, is 0. In particular, if 
g E M1 fixes 8, and acts trivially on D/(0,>, then g = 1. M* acts irreducibly 
on D/(0,) and leaves invariant the trilinear form induced by $(f?, , ., ., .). 
This form then satisfies the conditions of 1.1 and it follows from the results 
producing M that the subgroup of M1 fixing 8, has order at most 1 lcIT 1 . 
Hence this subgroup is in fact M *. The set corresponding to E for this 
induced form is evidently the set of images of the members of F - (0,) in 
D/(0,>. From this it follows that if g E W acts trivially on F, then g = &-I. 
In summary: 
THEOREM 6.5. Ml/( - 1) acts faithfully and sharply fivefold transitiveb on 
F. The stabilizer in AZ1 of (tY,> is <--I> Al*. 
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The abundance of structure allows us to identify ~~l/(- 1) with Mi, using 
each of the three standard ways of constructing M,,: 
(1) The Steiner System. The discussion above and 3.3 and 3.4 imply 
that of the 121 hyperplanes of D containing (t9,), 55 contain two other 
members of F, one hyperplane for each pair, and 66 contain five others, no 
four being in two of the 66. The multiple transitivity of Ml on F then implies 
that 220 hyperplanes of D contain exactly three members of F, one hyperplane 
for each triple, and 132 hyperplanes contain exactly six members of F, each 
five members of F being in just one. The 132 subsets of F determined by 
this second collection of hyperplanes form a 5-(12, 6, 1) Steiner system on 
which W/(--1) acts as a group of automorphisms. The automorphism 
group of such a system, however, is :%Ziz [15; 211. 
(2) The Hadamurd Matrix. Twelve hyperplanes of D have not been 
accounted for, each necessarily containing no member of F. Since the 12 
hyperplanes f?, . 0 = 0, 19, EF~ , form an Ml-orbit, they must be the missing 
12. If then (0,) and (19,) are distinct members of F, every member of F,, must 
be on one or the other of the hyperplanes (S, - 19,) . 13 = 0, (0, + 0,) . 0 = 0, 
so that each of these has to contain six members of F. Now index the rows and 
columns of a 12 x 12 matrix by the members of F, , and put at the 8, , 6, 
position 8, . Be (= fl). Then the last result implies that any two distinct 
rows (or columns) agree in six places and disagree in six. The matrix is thus 
the Hadamard matrix of order 12 having Mi, as automorphism group [12]. 
Moreover, the fact that g*0, . g& = 0, .0, forg E W shows that AP produces 
automorphisms of it. This equation also makes evident the connection 
between the outer automorphism g --f g* and the actions of Mi on F and on 
the set of the 12 hyperplanes [17]. Because AZ* fixes a member of F while n2 
does not, the two actions are inequivalent. 
The above discussion also shows that the 132 hyperplanes containing six 
members of F are given by the equations (0, - 8,) . 0 = 0, (B,), (0,) distinct 
members of F. The hyperplanes (0, - 8,) . 8 = 0 and (4 + t9,) . 0 = 0 have 
no members of F in common. The action of the stabilizer of ((@,, (e,)) in 
AZ1 on the two resulting blocks of the Steiner system gives the two inequival- 
ent actions of S, exchanged by the outer automorphism of S, [20, Satz lo]. 
It is not difficult to see that the remaining 220 hyperplanes are of the form 
wl , 4 , 4 , 0) = 0 where w, a), 04) are distinct members of F forming 
the triple from F lying on the hyperplane. 
(3) The (12, 6) Golay Code. For this, set up a 12-dimensional space E’ 
over GF(3) spanned by the symbols (e), 0 EF,, , and put (-0) = -(0). M1 
acts monomially on Y by g(0) = (go), g E Ml. Then embed D into Y by the 
map 0, + x:Fo (0, . 0) (0). The image is a six-dimensional subspace invariant 
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under the action of W. If we regard this image as a (12,6) code, the hyper- 
plane results show the possible nonzero weights to be 6, 9, and 12 (the zeroes 
in the code-vector corresponding to 0i E D (0, f 0) are located by the mem- 
bers of F, in the hyperplane 0, .8 = 0). The code is then equivalent to the 
(12, 6) Golay code [16, Theorem 31 whose automorphism group is Mr, . 
(The weight distribution is given by the counts obtained for the various 
types of hyperplanes; and the self-orthogonality of the code follows from the 
fact that xF, (e, . e) (e, . e) = #(e, ep , 8, , e,) = 0.) 
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